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Abstract—In this paper a solution method is presented for the
harmonic analysis of distribution networks with nonlinear loads.
Some problems, such as numerical instability, are discussed. The
model also contains a single-phase transformer model suitable
for the implementation in a harmonic load flow program. The
procedure for the nonlinear magnetizing current calculation is
described.
I. INTRODUCTION
Due to the increasing penetration of power electronic
converters and distributed generation (DG) resources, power
quality problems in electrical distribution networks become
more and more important. DG units have a technical impact on
the overshoot of the thermal limits of conductors, the under- or
over-voltage on the LV network, the increase in the network
fault levels, the non-operation of the protection system, the
raise of the voltage harmonic distortion,.. [1]. In order to
investigate these technical and other power quality problems,
there is a need for accurate models to simulate parts of the
utility grid. The main purpose of the simulation model that
will be developed is to investigate the harmonic propagation
[2]–[4], voltage dips [5], flicker and the influence on protec-
tion devices. Also phenomena like harmonic attenuation and
diversity can be investigated [7]. Transformer modelling is an
important subject in harmonic load-flow studies and several
approaches have been considered [9]–[11].
II. MODEL DESCRIPTION AND SOLUTION METHOD
A. Model description of a distribution network
For the model we will consider a single-phase radial
network. The radial network of Fig. 1 has the following
properties:
Zm and Zl are the impedances of the HV/MV transformer
and the MV/LV transformer respectively. As will be pointed
out in the next section, they can be represented by a current
source and an impedance. Zs is the impedance of an overhead
line or a cable segment. The value of Zs can be different for
every section, for example because of tapering. Finally Zload
represents the impedance of the linear load. Nonlinear loads
are represented by current sources.
B. Solution method
The model is solved with a hybrid method. This implies that
a part of the network is implemented in the frequency domain
HV HV/MV
MV/LVZm
bus
Zl
Zload,1 Zload,2 Zload,3 Zload,n−1 Zload,n
Zs1,1 Zs1,2 Zs1,n−1
1 2 3 n-1 n
Fig. 1. A single-phase radial network
and the other part is simulated in the time domain. The line
elements and the linear loads are simulated in the frequency
domain, the nonlinear loads in the time domain (e.g. by using
Plecs R©, a Matlab R© toolbox). The output data of this part (e.g.
the currents) can be transformed to the frequency domain by
performing a fast fourier transform (FFT) on the steady state
current of the nonlinear load. For all calculations the first 40
harmonics are considered.
The model is solved with the iterative forward-backward
method. This method consists of two steps, respectively the
backward and the forward sweep. In the backward sweep, the
voltage is calculated in every node, starting from the source
and taking into consideration the voltage drop in every line
section. In the first step, the voltage spectrum of the HV-bus
is used in every node, the voltage spectrum of the HV-bus is
considered to be constant. Then the harmonic current drawn
by every load is calculated. For linear loads this is done by
using Ohm’s law. For nonlinear loads a time simulation is
performed until steady state is reached. In the forward sweep,
the harmonic current through every branch is calculated. This
iterative method continues until convergence is achieved. An
advantage of this method is that a nonlinear load is replaced
by an adaptive current source and not by a fixed one.
Because we use an iterative method there may be some
convergence problems. Sometimes the method is numerically
unstable. The reason for this instability is the value of the
load impedance compared to the impedance between the
considered node and the HV-bus. To illustrate the numerical
instability, the following case with a single node is considered.
The relationship between the current and the voltage in the
succeeding iterations is:
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Fig. 2. Radial network with RPT
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0
1
Zload
Zn,b
Zload − Zn,b
Zload
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Ik
Uk
 (1)
This gives the following eigenvalues:
λ1 = 1
λ2 =
Zn,b
Zload
(2)
To obtain the stability condition (|λ| ≤ 1), the load impedance
has to be larger than the impedance between the node and
the HV-bus. A possible solution for this problem, without
changing the physical properties of the network, is inserting
a reactance pair. This technique is called the Reactance Pair
Technique (RPT) [8]. In Fig. 2, a network with 3 feeders and
5 nodes on each feeder is shown. There are 2 nonlinear loads,
in the nodes 3 and 12 respectively. In every node there is a
reactance pair. To solve the network with the iterative method
the voltage spectrum in the fictitious node between each
reactance pair is considered. So the impedance of the load,
seen from these fictitious nodes, is larger and the impedance
between these fictitious nodes and the HV-bus is smaller.
According to (2) this avoids instability problems.
III. NONLINEAR HARMONIC SINGLE-PHASE
TRANSFORMER MODEL
In Fig. 2, a transformer is represented by an impedance. In
order to obtain a more accurate representation of a transformer
the nonlinear magnetic behaviour has to be considered. This
will be done by taking the magnetizing current into account.
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+ +
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−−−
−
−−−
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Φ
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R Lσp
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Fig. 3. Equivalent circuit of a single-phase transformer: (a) reduced electric
and magnetic circuits, (b) simplified reduced electric circuit
A. Electric and magnetic transformer equations
The electrical equations can be derived from Fig. 3(a):
Up = RpIp + Lpσ
dIp
dt
+Np
dΦ
dt
Us = RsIs + Lsσ
dIs
dt
+Ns
dΦ
dt
(3)
with the following notations
• Ip, Is, Up, Us: the currents and the voltages of the primary
and the secondary windings respectively
• Φ: the core magnetic flux
• Rp, Rs, Lpσ, Lsσ: the winding resistances and the con-
stant leakage inductances
• Np, Ns: the winding turns
The relationship between the magnetic flux and the current
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can also be derived from Fig. 3(a):
NpIp +NsIs = NpIm = F = R(Φ)Φ (4)
where Im is the total magnetizing current and F is the
magnetomotive force (mmf) across the iron core, R(Φ) is the
nonlinear reluctance of the iron core. The relationship between
the reluctance and the flux is expressed as follows:
R = ν l
A
= (K1 exp(K2B2) +K3)
l
A
B =
Φ
A
(5)
where ν is the reluctivity, B is the magnetic induction, K1,K2
and K3 allow this single-valued function to be fitted to the
transformer saturation curve. A is the area of the transformer
leg and l the length of the magnetic path. The equations
3 are usually simplified by shifting the magnetizing current
source to the secondary side. The simplified electrical circuit
is presented in Fig. 3(b) and the corresponding equations are
given by
Up = RIp + Lσp
dIp
dt
+Np
dΦ
dt
Us = Ns
dΦ
dt
NpIp +NsIs = NpIm = F (6)
where R = Rp+Rs and Lσp = Lpσ+Lsσ is the total leakage
inductance converted to the primary side.
B. Magnetizing current calculation
Due to the core saturation, the nonlinear relationship be-
tween F and Φ leads to the distortion of the magnetizing
current. This results in the injection of harmonic currents in
the ac system. To calculate the magnetizing current we use the
commonly used approximation that the magnetizing current
equals the primary current if the secondary is open-circuited.
Then the magnetizing current can be determined from (6)
Up = RIm + Lσp
dIm
dt
+Np
dΦ
dt
NpIm = R(Φ)Φ (7)
Equations (7) will be solved in the frequency domain. So, a
FFT will be performed on the reluctance. In the first step, the
global saturation state is determined by considering only the
first five odd harmonics. In the second step the magnetizing
current is calculated considering the first 40 harmonics. For
the first step (7) is rewritten in the frequency domain which
leads to (8).
The tensors in the matrix are 2×2 matrices, because every
element in the column matrix is written as follows
¯
Im,50 =
[<(Im,50)
=(Im,50)
]
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This gives the following results for the tensors
¯¯
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iωLσp R
]
jω
¯¯
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ωNp 0
]
¯¯
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Np 0
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]
for R¯ = r1 + ji1 there are three possibilities, depending on
the frequencies from the specified mmf and flux, fF and fΦ
respectively.
• fF + fΦ = fR
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¯
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¯¯
R ·
¯
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¯¯
R =
[
r1 −i1
i1 r1
]
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F¯ = R¯
¯
Φ∗ = ∗
¯¯
R ·
¯
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¯¯
R =
[
r1 i1
i1 −r1
]
• fF − fΦ = −fR and fF < fΦ
F¯ = R¯∗
¯
Φ =
¯¯
R∗ ·
¯
Φ with
¯¯
R∗ =
[
r1 i1
−i1 r1
]
Equation (8) is a nonlinear equation of the form G(x) =
S(x)x− b = 0. This can be solved with the Newton-Raphson
method, which consists of the iterative application of the
algorithm
xk+1 = xk −DS(xk)−1(S(xk)xk − b) (9)
Where S also can be noted as
S =
[
T U
V W
]
(10)
The iterative process goes on until convergence is reached.
When the global saturation condition is determined, the second
step can begin. Here the model is linearised by using the
differential reluctances. The magnetic current is determined
by solving the following equation.
x = P−1b (11)
where x and b are build in the same way as in (8), but now
the first 40 harmonics are taken into account. The matrix P
can be expressed as
P =
[
T U
V Y
]
(12)
where Y is constructed in the same way as W . In the first
five odd columns, the elements are calculated as in (5), for
the other columns it is considered that small changes in the
flux result in small changes in the mmf. So, for the other
columns the elements are calculated as
∂F
∂Φ
=
∂R(Φ)Φ
∂Φ
= 2K1K2B exp(K2B2)B
l
A
+R (13)
and they are implemented in the same way as in (8).
C. Implementation in the network model
The transformer model is implemented in the network
model. In every iteration of the forward-backward method, the
voltages in the transformer node are considered, in the first step
only the harmonics that determine the saturation state are used
and for the second step all harmonic voltages are used. This is
carried out for a number of forward-backward iterations, until
the harmonic voltages that determine the saturation state are
sufficiently converged. From this point only the second step
(11) is performed in order to reduce the total simulation time.
So, the magnetizing current is calculated in every forward-
backward iteration, for the implementation in the network this
can be visualised by replacing Zm and Zl in Fig. 1 with
Fig. 3(b). This implies that in the backward sweep Zm and
Zl are replaced with R + jωLσp and for the forward sweep
the magnetizing current has to be added to the different load
currents at the considered transformer node.
IV. CONCLUSION
In this paper a solution method for the harmonic analysis
of distribution networks is proposed and some difficulties are
solved. The model allows to test the influence of nonlinear
loads simulated in the time domain on larger networks, without
resulting in large simulation times. A model for the nonlinear
single-phase transformer is proposed, which can be easily
combined with the distribution network model.
Future work consists of the development of a three phase
transformer and network model. This will be implemented
with symmetrical components.
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